We study the stochastic axion dark matter scenario in the axion landscape, where one of the axions is light and stable and therefore explains dark matter. If the axion mass at the potential is a typical value of the curvature along the direction, the potential can be well approximated by a quadratic mass term. On the other hand, if the axion mass happens to be suppressed in the vicinity of the minimum, the potential may be approximated by a quartic potential plus a suppressed quadratic one, for which the initial angle, and thus the axion abundance, can be significantly suppressed compared to the quadratic case. We delineate the viable parameter region by taking account of various observational constraints, and find that a broader range of the inflation scale is allowed. Also, if the curvature of the potential is suppressed over a certain range of the potential, the onset of coherent oscillations can be delayed. Then, the axion dark matter with a small decay constant is possible. We also discuss the πnflation mechanism to realize the hilltop initial condition in the stochastic axion scenario.
Introduction
The identity of dark matter remains a great mystery. Dark matter is known to be very stable, and its lifetime must be much longer than the present age of the universe [1] . The stability of dark matter can be explained in various ways, and one plausible possibility is that it is due to the small mass and feeble interactions with the standard model particles.
In the string theory, a large number of moduli or axions appear in the low-energy effective theory after compactifying the extra dimensions. Some of them may remain so light that they play an important role in cosmology such as the inflaton, dark energy, or dark matter. Indeed, an axion is known to be a plausible candidate for dark matter; it is stable on cosmological time scales due to its small mass and feeble interactions, and moreover, it can be copiously produced by the vacuum misalignment mechanism [2] [3] [4] . In this paper we study the string axion (simply axion hereafter) as a dark matter candidate.
The axion abundance depends on the initial misalignment angle and the global shape of the potential. Usually one adopts the initial angle θ ini of order unity to estimate the axion abundance. Recently, however, it was pointed out in Refs. [5, 6] (including two of the present authors F.T. and W.Y.) that the typical value of θ ini can be naturally much smaller than unity if the inflation scale is low and if the inflation lasts sufficiently long. This is because the stochastic behavior of the axion is balanced by the classical dynamics after sufficiently long inflation, and its probability distribution reaches equilibrium, the so-called Bunch-Davies (BD) distribution [7] peaked at the potential minimum. In some sense, the axion knows where the minimum is in a probabilistic way. The BD distribution was applied to the string axion in Ref. [8] , in which it was shown that the moduli problem induced by the string axion can be significantly alleviated.
The other important factor of the axion abundance is the shape of the axion potential. If there are many axions with mass and kinetic mixings, they may form a complicated axion landscape [9, 10] , which has interesting implications for inflation models [9] [10] [11] [12] [13] [14] and dark matter [15] . In order for one of the axions to explain dark matter, its mass must be extremely light compared to the fundamental scale. Broadly speaking, such a light axion mass can be realized in the following two cases: (i) there is a flat direction in the axion landscape, along which the axion potential is extremely flat; (ii) the axion mass is suppressed in the vicinity of a potential minimum due to cancellation among different contributions. In the first case, the potential is well approximated by a quadratic term when expanded around the minimum, and the axion abundance in this case is the one usually adopted in the literature. In the second case, on the other hand, the light axion mass is just a consequence of cancellation, and it implies that the quartic coupling is not generally suppressed. Therefore, it is likely that the potential can be approximated by a quartic potential plus a tiny mass term when expanded around the minimum. The cancellation may be due to the anthropic requirement for dark matter. In Ref. [15] the axion abundance and its isocurvature fluctuations were studied in a set-up corresponding to the second case. It was assumed that the initial misalignment angle was such that the curvature of the potential becomes comparable to the Hubble parameter during inflation. However, it was not studied how the viable parameter region will be modified if one uses the BD distribution as the initial condition. The suppressed initial angle has two effects. One is to suppress the axion abundance. The other is to enhance the isocurvature perturbation for a fixed inflation scale. The purpose of this paper is to study these effects in detail and show the viable parameter space in this scenario.
In this paper we study the stochastic axion scenario where the initial misalignment angle follows the probability distribution determined by the competition between the quantum diffusion and the classical motion. We allow the axion potential to deviate from a simple quadratic potential, and estimate the axion abundance and isocurvature perturbations to delineate the viable parameter space. We will take account of various cosmological bounds such as non-detection of the primordial gravitational waves and the upper bound on the extra diffuse X-ray/γ-ray fluxes. As we shall see, a broader range of the inflation scale is allowed in the case where the axion potential is approximated by the quartic plus tiny quadratic terms compared to the conventional case with the simple mass term.
The rest of this paper is organized as follows. In Sec. 2 we explain the set-up for the axion potential. After a brief review of the stochastic axion scenario, we estimate the initial misalignment angle and the resultant axion abundance in Sec. 3. In Sec. 4 various cosmological bounds are taken into account to delineate the viable parameter space. The last two sections are devoted to discussion and conclusions.
Light axion in the axion landscape
Let us suppose that there are many axions which have mass and kinetic mixings and constitute a complex landscape, the so-called axion landscape [9, 10] . The axion potential can be modeled by
where the prefactor Λ i and δ i respectively represent the dynamical scale and a CP phase of the corresponding non-perturbative effect, n iα is an integer-valued anomaly coefficient matrix, f α is the decay constant, and N s and N A are the number of shift symmetry breaking terms and axions, respectively. The constant term C is chosen so that the cosmological constant is vanishingly small in the present universe. In this paper we assume that one of the axions is responsible for the observed dark matter. To this end, the axion must be sufficiently long-lived, implying that its mass is very light. Broadly speaking, there are two possibilities to realize such a light axion in the axion landscape. One possibility is that there exists a flat direction in the landscape. It may be that the corresponding dynamical scale happens to be much smaller than the other directions, or the effective decay constant may be enhanced by the KNP mechanism [10, 16, 17] . Although the enhanced decay constant certainly makes the axion lighter, we consider the former case because the axion mass must be extremely light to have a lifetime longer than the present age of the universe, and the latter would require a rather contrived set-up to realize such a large hierarchy in the effective decay constants. Focusing on the flat direction, we consider the potential modeled by a single cosine term,
where Λ denotes the potential height, f φ is the axion decay constant, and we have expanded the potential at the origin in the second equality for |φ| f φ . The axion mass m φ is given by
and we assume Λ f φ . The other possibility is that the axion mass at one of the potential minima in the landscape happens to be much smaller than the typical curvature scale. This can be realized by cancellation among several shift symmetry breaking terms. For example, a single axion with two shift symmetry breakings satisfying this property was considered in Ref. [15] , and its potential is given by
where Λ 1 and Λ 2 represent the size of the shift symmetry breakings, and δ is the CP phase between the two terms. The axion mass can be suppressed if the contributions of the two terms are almost canceled at the minimum. Specifically we consider δ = π and n 2 > n 1 , and expand the potential around the minimum at φ = 0 as
If the axion is light during inflation, it acquires quantum fluctuations of order the Hubble parameter, H inf . The fluctuations continuously exit the horizon and become classical soon afterwards. Those fluctuations can be treated as a random Gaussian noise. Therefore, while the axion is classically driven toward the potential minimum, it is also randomly kicked upward or downward on the potential by the small-scale fluctuations. Such stochastic axion dynamics can be well described by the Fokker-Planck equation that takes account of the effect of the random Gaussian noise as a diffusion effect on the axion probability distribution. Then, the two competing effects end up with an equilibrium distribution of the axion field, if inflation lasts long enough. This probability distribution is called the BD distribution [7] . It was shown in Refs. [5, 6] that the QCD axion abundance can be suppressed if the initial angle follows the BD distribution. In the following we derive the BD distribution of the initial angle θ ini as a function of the inflation scale for a general axion potential. Then, we estimate the axion abundance by applying it to the quadratic or quartic potentials.
Bunch-Davies distribution
We assume that the Hubble parameter during inflation, H inf , is approximately constant in time, and derive the BD distribution for the axion field, φ. First, let us separate it into the long and short wave-length modes, φ =φ + δφ short . The axion dynamics under the effect of short-wavelength fluctuations is described by the Langevin equation,
where V (φ) is a periodic potential of φ and the dot and prime represent the derivative with respect to the cosmic time t and axion field φ, respectively. We assume that V (φ) is negligibly small compared to the total energy density of the universe, and it satisfies |V (φ)| H 2 inf for all values of φ so that the stochastic formalism is applicable. The information of the short wave-length mode δφ short is included in the Gaussian noise term, f (x, t), satisfying
where · · · represents the stochastic average. The corresponding Fokker-Planck equation is given by
where P(φ, t) denotes the probability distribution for the coarse-grained field φ.
We are interested in the asymptotic form of the probability distribution, P BD (φ), which satisfies
This equation follows from the Fokker-Planck equation with ∂P(φ, t)/∂t = 0 under the assumption that V (φ) and P BD (φ) are periodic with respect to φ. 1 The solution is given by
This is called the BD distribution. Therefore, the BD distribution is the largest where V (φ) is the smallest. For convenience, we define the probability distribution for the dimensionless angle θ = φ/f φ as
In the following we set the origin of θ equal to one of the minima of V (φ), and consider the probability distribution around it in the range of θ − ≤ θ ≤ θ + . The boundary is given by θ ± = ±π for the two potentials given in the previous section. The proportionality factor is determined by the normalization condition,
where we implicitly assume that P (θ) is vanishingly small at the boundary. We will comment on the case where this is not satisfied at the end of this subsection. Using the above probability distribution, we can define the typical initial angle as the variance,
In the case of the quadratic potential (2.2), the probability distribution is given by the Gaussian form,
where one can see that the distribution is peaked at the potential minimum θ = 0, and it is unlikely for θ to take values much greater than H 2 inf /m φ f φ . Using (3.8) and (3.9), one can estimate the initial angle θ ini as
which can be naturally much smaller than unity without fine-tuning the initial condition. Note that this expression is valid only for θ ini 1.
Similarly, in the case of the potential given by (2.5), the probability distribution is approximately given by
.
(3.11)
Using (3.8) and (3.11) , one can estimate the initial angle θ ini as
We show the probability distribution P (θ) in Fig. 1 for several values of H inf . This is the case that the axion populates the approximated potential (2.5) with f φ = 10 16 GeV, λ = 3 × 10 −16 , and m φ = 1 eV. One can see that the distribution gets broader as H inf increases. This is because the diffusion effect is stronger for larger H inf . In other words, the initial angle is sharply peaked at the potential minimum for a sufficiently small H inf .
In Fig. 2 we show θ ini as a function of H inf for Λ 1 = 10 12 GeV, m φ = 1 eV, and f φ = 10 16 GeV. Here we substitute the original potential (2.4) into (3.8) to calculate θ ini numerically. The dotted horizontal line shows the transition point from quadratic to quartic potential, θ ini = θ tr . One can see that θ ini tends to be suppressed when the potential is dominated by the quartic term compared to the quadratic term. This can be understood by noting that the potential gets steeper as the quartic term dominates over the quadratic one.
In order to reach the BD distribution, we need a sufficiently large number of e-folds; N ∼ H 2 inf /m 2 φ for the quadratic potential, and N ∼ 1/ √ λ for the quartic potential. Such a large number of e-folds can be realized by the eternal inflation [18] [19] [20] [21] [22] [23] (see also [24] [25] [26] ). Note that the eternity of the eternal inflation usually relies on the volume measure. Recently it was shown that a sufficiently large number of e-folds can be realized without relying on the volume measure, if one considers a hilltop-type stochastic inflation with a shallow local minimum around the potential maximum [27] .
Lastly let us comment on the assumption that the probability distribution P (θ) is vanishingly small at θ = ±π in the above discussion. The approximated expressions (3.10), (3.12), and (3.13) can only be applied to the case of θ ini π, or equivalently, H inf Λ and Λ 1,2 . For H inf > Λ or Λ 1,2 , the axion can go over the potential barrier due to the large fluacutations and all the physically inequivalent vacua will be populated as a result of the stochastic dynamics. For the potentials considered here, the asymptotic distribution will be almost uniform over the entire values of φ, and a typical value of the initial misalignment angle measured from the nearest minimum will be of order unity. Also, there is thermal radiation with the Gibbons-Hawking temperature T inf = H inf /2π [28] , which may significantly modify the axion potential if Λ or Λ 1,2 corresponds to the dynamical scale of the non-perturbative effects responsible for generating the axion potential. In the following, therefore, we will focus on the case of θ ini 1, or equivalently, H inf Λ 1 or Λ.
Axion abundance
During inflation the axion follows the BD distribution derived in the previous subsection. After inflation, the axion starts to oscillate about the potential minimum when the effective mass, |V (φ)|, becomes comparable to the Hubble parameter. 2 In the case of the axion potential (2.2), the axion coherent oscillations behave as cold dark matter. On the other hand, in the case of the axion potential (2.5), the axion coherent oscillations behave as radiation until the oscillation amplitude becomes so small that the tiny mass term comes to dominate the potential.
The final axion abundance depends on the oscillation amplitude, φ osc , when the axion starts to oscillate. Here let us relate θ osc ≡ φ osc /f φ to the initial angle θ ini , following Refs. [15, 30] . We define the onset of the oscillation to be the time when the temporal variation of the axion field over the Hubble time becomes comparable to the distance to the potential minimum:
The choice of 1/2 in the right-handed side is just a convention, and it can be replaced with a constant of order unity. Before the onset of the oscillation, the axion dynamics is described by an attractor solution of 
where c osc represents c evaluated at the onset of oscillations. For the quadratic and quartic potentials, it is given by
Integrating Eq. (3.15) from the end of inflation to the onset of oscillations, we obtain
where we have usedḢ/H 2 = 3 − c, and H osc H inf . Then we can relate θ osc to θ ini for the quadratic and quartic potentials,
One can see that θ osc θ ini in these cases. Since θ ini is determined by the BD distribution in our scenario, the final axion abundance depends on the inflation scale, H inf . Note that, in the previous work [15] , the initial angle θ ini was chosen in such a way that the curvature of the axion potential at θ = θ ini becomes comparable to the Hubble parameter during inflation.
On the other hand, θ ini is dynamically determined by the competition between the classical motion and quantum diffusion in our case. As a result, the initial angle is much smaller than assumed in the Ref. [15] . In the following we estimate the axion abundance for the quadratic and quartic potentials using the oscillation amplitude determined by the BD distribution.
The case of the quadratic potential
First, let us consider the case in which the axion potential is well approximated by the quadratic potential. This is the case either if the axion potential is given by a single cosine term (2.2) and the initial angle satisfies θ ini 1, or if the potential is given by a flat-bottomed form (2.5) and θ ini is smaller than θ tr . The axion abundance depends on whether the reheating is completed or not at the onset of oscillations. First, let us consider the case in which the axion starts to oscillate before the reheating. Taking account of the conservation of the entropy in the comoving volume after reheating, and the dependence of the axion energy density on the scale factor R, ρ φ ∝ R −3 , the ratio of the axion energy density to the entropy density at present is given by
where the subscripts, '0', 'reh', and 'osc', imply that the variables are evaluated at present, reheating, and the onset of oscillations, respectively, and ρ inf is the inflaton energy density. For simplicity we have assumed that the inflaton energy density decreases as non-relativistic matter before the reheating, and that the reheating takes place almost instantaneously at T = T reh . The axion energy density at the onset of oscillations is given by
Using (3.10), (3.17) , and (3.24), we can express the axion abundance in terms of the density parameter as
Here the density parameter is defined by Ω φ ≡ ρ φ,0 /ρ crit , where ρ crit (0.0300 eV) 4 h 2 is the critical density, and h is the reduced Hubble constant. Next, we consider the case where the axion starts to oscillate after the reheating. The entropy density at the onset of the oscillations s osc is given by s osc = (2π 2 /45)g * (T osc )T 3 osc in terms of the temperature T osc ,
where g * counts the effective relativistic degrees of freedom, and we substituted c osc = 5 in the second equality. The axion abundance is given by
(3.28)
Note that, although it is not explicitly shown in the final results, Ω φ is proportional to θ 2 ini in both cases. (The dependence on θ ini can be inferred by noting θ ini ∝ H 2 inf in the case of the quadratic potential.)
The case of the quartic potential
Now we consider the flat-bottomed potential where the potential (2.5) consists of the quartic coupling plus a suppressed mass term. We focus on the case of θ ini θ osc θ tr because otherwise the axion abundance is reduced to the case of the quadratic potential.
First, let us consider the case in which the axion starts to oscillate before the reheating. Noting that the axion energy density decreases as ρ φ ∝ R −4 until the quadratic term comes to dominate the potential, one can express the ratio of the axion energy density to the entropy density at present as
Here ρ φ,tr is the axion energy density when the oscillation amplitude becomes equal to φ tr = θ tr f φ , and it is given by
The axion energy density at the onset of oscillations is
Thus, we arrive at the axion abundance,
One can see that Ω φ is proportional to θ ini . Note that the axion abundance does not depend on the order of the reheating and the transition from the quartic to the quadratic potential. Next, we consider the case in which the reheating precedes the onset of the axion oscillations. As before, the ratio of the axion energy density to the entropy density at present is given by
where the temperature at the oscillation reads T osc 3.4 × 10 10 GeV g * (T osc ) 106.75 (3.35)
One can see that Ω φ in this case is proportional to θ 3 2 ini . Note that the dependence of the axion abundance on the inflation scale is milder than the case of the quadratic potential (see Fig. 2 ). This as well as the tiny m φ are the reason why the larger H inf can be consistent with the dark matter abundance in the case of the quartic potential.
Thermal axion particle production
So far, we have considered the axion condensate. When the reheating temperature is sufficiently high, thermal axion particle production becomes important. If too many axion particles are produced, they contribute to hot or warm dark matter. Here let us estimate the abundance of thermally produced axions. To this end, suppose for simplicity that the axion couples to weak gauge bosons as
where (α 2 , W a µν ) and (α Y , B µν ) are the fine-structure constant and gauge field strength of SU(2) L and U(1) Y , respectively, and c 2 and c Y are model-dependent anomaly coefficients. 3 Since they are higher dimensional terms, thermal production is efficient around the highest temperature, i.e. T ∼ T reh , in the radiation dominant era. Here we assume the instantaneous reheating for simplicity. The axion number density to entropy density is estimated
where r was calculated in [31] ,
One obtains the abundance of the thermally produced axion as
Thus, the thermal production is always subdominant for c 2 , c Y = O(1) in the parameter region that we will consider. However, it could be sizable when T reh ∼ f φ or c 2 , c Y O(1). Also, thermal production can be relevant if there are other interactions e.g. an axion-top quark interaction.
Notice that the above result applies to both potentials of (2.2) or (2.5) as long as Λ 1 or Λ is much smaller than f φ . On the other hand, when Λ 1 in (2.5) is so large that the self-interaction of φ becomes important, the processes of φφ ↔ φφ, φφ ↔ φφφφ may not be neglected. These processes increase the number density, while reducing the energy per one axion particle. Therefore in this case we can obtain much colder axion particles (if the processes are in equilibrium the typical temperature is T φ ∼ r 1/4 T ) and their abundance is larger than the above estimate. For Λ 1 H inf , the contribution of coherent mode, (3.35), can be suppressed and thus thermally produced axions may explain the observed dark matter. 4 
Cosmological bounds
In this section, we study cosmological constraints on the axion dark matter in our scenario. Specifically we consider the axionic isocurvature perturbations and the diffuse X-ray/γ-ray fluxes from the axion decays. By doing so we will be able to identify the viable parameter region where the axion explains the observed dark matter abundance.
Isocurvature perturbations
Since the axion is assumed to be light during inflation, it acquires quantum fluctuations of δφ k H inf /2π at the horizon exit, where k denotes the comoving wavenumber. This gives rise to the almost scale-invariant isocurvature perturbation, whose power spectrum is given by
where Ω DM 0.12h −2 is the density parameter of the dark matter [1] , and we have assumed Ω φ = Ω DM in the second equality. Here we have defined p ≡ (∂ ln Ω φ /∂θ ini ), and it is given by p = 2 for the quadratic potential, and p = 1 or 3/2 for the quartic potential (cf. Sec. 3.2). A mixture of isocurvature perturbations is tightly constrained by the Planck data. The current upper bound on the scale-invariant and uncorrelated isocurvature perturbation reads [32] P S < 8.3 × 10 −11 .
(4.2)
In the following we derive the upper bound on the inflation scale as a function of the axion mass for the quadratic and quartic potential.
The case of the quadratic potential
Using (3.10) and p = 2, we obtain
(4.3)
Thus, to satisfy the isocurvature bound (4.2), we need
The case of the quartic potential
We focus on the case of θ osc θ tr since otherwise the result will be reduced to the previous case. Using (3.12) , we obtain
To satisfy the isocurvature bound (4.2), we need
Thus, the quartic coupling determines the size of isocurvature perturbations. Since we assume Ω φ = Ω DM , we can erase Λ 1 using (3.32) or (3.35) from the expression of P S . Then, we obtain In contrast to the quadratic potential, the isocurvature bound results in the upper bound on the inflation scale in the case of the quartic potential.
Axion decay into photons and hidden photons
The axion dark matter might have feeble interactions with the standard model or hidden sector particles. Here, we consider the axion-(hidden) photon couplings,
where α φγγ is a model-dependent coupling constant, F µν andF µν are the field strength of photons and its dual, respectively, and those with primes are for hidden photons. First let us consider the axion decay into hidden photons through the above coupling. The decay rate is given by
and if this is the dominant decay channel, the axion lifetime is given by
where α EM 1/137 is the electromagnetic fine-structure constant. The observational impact of dark matter decaying into dark radiation was studied in detail in Refs. [33, 34] , and they placed a lower bound on the lifetime, τ DM ≥ 175 Gyr [34] . This can be rewritten as the upper bound on the axion mass,
(4.14)
Thus, for f φ 10 16 GeV and α φγ γ α EM , the axion mass cannot exceed 80 MeV or so. Next we consider the cosmological impact of the axion decay into ordinary photons. The energetic photons produced by the axion decay contribute to the Galactic and extragalactic diffuse X-ray/γ-ray background. First, let us estimate the Galactic halo contribution to the diffuse photon background [8, 35] . In order to derive the expected signal, we need the Galactic dark matter density profile. Here we assume the NFW dark matter profile [36, 37] and use the J-factor summarized in Table I of Ref. [35] . As we consider the axion-photon interaction (4.11), the produced two photons initially have the monochromatic spectrum 15) where E γ and N γ are the present photon energy and number, respectively. Then, the differential photon flux from the axion decay in the Milky Way is written by
where r = 8.5kpc is the distance between the Sun and the center of our Galaxy, ρ = 0.3GeV/cm 3 is the local dark matter density, ρ φ is the axion energy density, and we define a J-factor as
where ρ DM represents a dark matter density profile. Here, the integration is taken over the observed region of the sky ∆Ω and the line-of-sight distance y.
Let us next consider the extra-galactic contributions [38] . The photons coming from cosmological distances suffer a redshift due to the cosmic expansion. Also, the dark matter density in the early universe was higher than present density. Assuming the spatially homogeneous distribution of the axion, we obtain the photon flux per a unit solid angle
where t rec is the time of the recombination, z is the redshift parameter corresponding to the time t =t,Ẽ γ is the photon energy at the production, and the axion density n φ (t) is defined by
Here, we have neglected a slight decrease of the axion density due to the decay, because the lifetime must be much longer than the present age of the universe. Note that we put a cut-off at recombination, since photons cannot propagate freely until the recombination. The redshift parameter z is related to the cosmic time t by
where H 0 is the Hubble constant, and Ω m and Ω Λ denote the density parameter of nonrelativistic matter and the cosmological constant, respectively. Using this relation in the integration (4.18) , we obtain the extra-galactic photon flux per a unit solid angle,
Since we can observe photons produced after the recombination, the energy E γ is in the range of
where z rec 1100. The constraint is placed on the parameters by the fact that the two contributions (4.16) and (4.21) should be smaller than the observational flux F obs . In this work, we compare the values integrated in the range of each energy bin width ∆E γ with the observed flux, where the unit [MeVcm −2 s −1 sr −1 ] of the photon flux is used in our analysis. We used the observational results from HEAO-1, INTEGRAL, COMPTEL, and EGRET summarized in [35] . The results are shown in Fig. 3 where we set f φ = 10 16 GeV. The red region represents the constraint (4.22) from the diffuse photon spectrum from the axion decay. The blue region is the constraint (4.14) from the dark matter lifetime. For α φγγ = α EM , the axion mass has an upper bound m φ 70 keV.
Primordial tensor mode
During inflation the primordial tensor mode, i.e. primordial gravitational waves, are generated, which contribute to the CMB temperature and polarization anisotropies. Its amplitude is proportional to the inflation scale H inf . The absence of the primordial tensor mode so far in the CMB observations by Planck and BICEP2/Keck Array provides an upper bound on H inf [32] :
H inf < 6.5 × 10 13 GeV (95% C.L.). (4.23)
Results
Combining the above cosmological bounds, we show in Fig. 4 the viable parameter space on the (m φ , H inf ) plane as a white region where the axion explains all dark matter. Here we fix f φ = 10 16 GeV and T reh = 10 10 GeV, and choose an appropriate value of Λ 1 for each m φ and H inf to realize Ω φ = Ω DM . In the lower right gray region, θ ini is smaller than θ tr , and the axion dynamics is same as for the quadratic potential, and the axion abundance is independent of Λ 1 . On the boundary line, the axion explains all dark matter, while the axion abundance is smaller than the observed dark matter abundance below the gray line. The purple and blue shaded regions are excluded by the absence of the tensor and isocurvature perturbations 1 10 000 000 000 000 000 000 1 1 000 000 000 000 000 000 1 100 000 000 000 000 000 1 10 000 000 000 000 000 1 1 000 000 000 000 000 1 100 000 000 000 000 1 10 000 000 000 000 1 1 000 000 000 000 1 100 000 000 000 1 10 000 000 000 1 1 000 000 000 1 100 000 000 1 000 000 000 000 000 100 000 000 000 000 10 000 000 000 000 1 000 000 000 000 100 000 000 000 10 000 000 000 1 000 000 000 100 000 000 10 000 000 1 000 000 100 000 10 000 1000 100 10 10 1 10 000 000 000 000 000 000 1 1 000 000 000 000 000 000 1 100 000 000 000 000 000 1 10 000 000 000 000 000 1 1 000 000 000 000 000 1 100 000 000 000 000 1 10 000 000 000 000 1 1 000 000 000 000 1 100 000 000 000 1 10 000 000 000 1 1 000 000 000 1 100 000 000 1 10 000 000 1 1 000 000 1 100 000 1 10 000 1 1000 1 100 1 10 1 10100 1 000 000 000 000 000 100 000 000 000 000 10 000 000 000 000 1 000 000 000 000 100 000 000 000 10 000 000 000 1 000 000 000 100 000 000 10 000 000 1 000 000 100 000 10 000 1000 100 10 10 Figure 4 . The viable parameter space shown as a white region where Ω φ = Ω DM . We set f φ = 10 16 GeV, and T reh = 10 10 GeV. The lower-right gray line shows θ ini = θ tr below which the axion abundance falls short of the observed dark matter abundance. The purple and blue regions are the bounds from the absence of the primordial tensor mode (4.23) and the isocurvature perturbation (4.9) and (4.10), respectively. The yellow region does not satisfy the condition that the reheating follows the inflation. The dotted vertical line is the constraint from the axion decay into hidden photons for α φγ γ = α EM and the dashed line is the constraint from the X-ray/γ-ray diffuse flux for α φγγ = α EM . The upper left gray region represents θ ini 1. The orange solid line is the boundary H reh = H osc . Note that the quadratic case corresponds to the lower right gray region.
(4.23), (4.9) and (4.10), respectively. The yellow shaded region at the bottom is excluded because of H reh > H inf . The dotted vertical line represents a constraint m φ 80 MeV, which comes from the invisible axion decay into hidden photons for α φγ γ = α EM , while the dashed line represents the constraint m φ 70 keV from the X-ray/γ-ray diffuse flux for α φγγ = α EM . In the upper left gray region, θ ini given in Eq. (3.13) would become larger than unity, and our approximated potential is no longer justified. The isocurvature bound in this region is calculated assuming θ ini = 1. Above the orange solid line, the axion starts to oscillate before the reheating, i.e., H osc > H reh . The cases for T reh = 10 7 and 10 13 GeV are also shown in Fig. 5 . In the upper panel with T reh = 10 7 GeV, the red line denotes H reh = H tr . In the right to the red line, the reheating takes place after the oscillation amplitude becomes smaller than φ tr , H reh H tr H osc .
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100 000 000 000 000 1 10 000 000 000 000 1 1 000 000 000 000 1 100 000 000 000 1 10 000 000 000 1 1 000 000 000 1 100 000 000 1 10 000 000 1 1 000 000 1 100 000 1 10 000 1 000 000 000 000 000 100 000 000 000 000 10 000 000 000 000 1 000 000 000 000 100 000 000 000 10 000 000 000 1 000 000 000 100 000 000 10 000 000 1 100 000 000 000 000 1 10 000 000 000 000 1 1 000 000 000 000 1 100 000 000 000 1 10 000 000 000 1 1 000 000 000 1 100 000 000 1 10 000 000 1 1 000 000 1 100 000 1 10 000 1 000 000 000 000 000 100 000 000 000 000 10 000 000 000 000 1 000 000 000 000 100 000 000 000 10 000 000 000 1 000 000 000 100 000 000 10 000 000 on the inflation scale is given by the isocurvature bound, and so, future CMB observations will be able to probe the corresponding parameter space. In addition, the relatively heavy axion dark matter with mass m φ ∼ 10 −6 − 1 GeV can be realized by virtue of the BD distribution. Therefore, if the axion couples to two photons, next-generation gamma-ray satellites such as AMEGO [40, 41] and eASTROGAM [42] will improve the bound significantly. If the axion mainly couples to the hidden photons (or other hidden light particles), on the other hand, the present scenario may be probed by further observations of the present and late-time universe (cf. Refs. [33, 34] ). In particular, the decaying dark matter may ameliorate the H 0 tension [43] .
Delayed onset of oscillations and πnflation
So far we have focused on a case in which the axion mass at the minimum is suppressed compared to the typical curvature scale of the potential. In this section we consider another possibility that the axion potential has a plateau region away from the minimum which delays the onset of oscillation. Such a possibility was extensively studied in the literature, because coherent oscillations in a potential flatter than the quadratic one leads to spatial instabilities, formation of non-topological solitons such as oscillons/I-balls [44] [45] [46] (see also Refs. [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] for more details about the formation and decay processes in various contexts) and the production of the gravitational waves [59] [60] [61] . Also, the delayed onset of oscillations enhances the final axion abundance as well as its isocurvature perturbation (see the footnote 2.) The enhancement of the axion (or ALP) abundance can also be obtained by e.g. the adiabatic conversion between the axion and the QCD axion [62] [63] [64] [65] .
Here we present a model in which the initial value of the axion is set on the plateau of the potential in the stochastic axion scenario. If we consider only the dynamics of the light axion, the inflation scale H inf must be higher than the height of the plateau, since otherwise the probability distribution of the axion would be peaked at the potential minimum and it is unlikely to find the axion on the plateau of the potential. However, if there is another heavy axion field that mixes with the light axion, the probability distribution of the lighter one can be shifted due to the heavy axion dynamics. Such a phase shift was recently used to realize a hilltop initial condition for the QCD axion [66, 67] . (see also Ref. [68] which uses the stronger QCD in the early Universe [69] [70] [71] [72] ).
Let us introduce another heavy axion field, φ H , that mixes with the light axion. This is naturally realized in the axion lanscape. We also assume that the location of the local maxima and minima of the heavy axion potential is the same as (or very close to) that of a single cosine term. For instance, this is the case if the heavy axion potential is dominated by a single cosine term, and another relatively small shift-symmetry breaking term(s) lifts the degeneracy of the vacua. Then, the universe may be first trapped in a false vacuum, and then tunnels to the adjacent lower vacuum, resulting in a field change by approximately 2π [66] . Alternatively, if the heavy axion plays a role of the inflaton, we need at least two cosine terms as long as we consider decay constants smaller than the Planck mass. Their relative height and phase are chosen so that the second cosine term makes the potential maximum of the first one sufficiently flat for successful slow-roll inflation to occur. Then, the field distance between the potential maximum and minimum is given by (a fraction of) π. This is due to the requirement of successful hilltop inflation. In either case, by introducing a certain mixing with the light axion, one can realize a phase shift of π. In particular, such inflation model that causes the phase shift of π was named πnflation [67] .
To be concrete, let us consider the following potential for the light and heavy axions,
where we assume Λ 4 1 4Λ 4 2 as before, and θ H ≡ φ H /f H with f H being the decay constant is the dimensionless angle corresponding to the heavy axion. We assume that the heavy axion has its own potential satisfying the above mentioned property so that θ H changes from 0 during inflation to π after inflation. We also assume that back reaction of V L (φ, θ inf ) to the heavy axion dynamics is negligibly small.
During inflation the potential for φ is well approximated by the quadratic term around one of the minima, φ = πf φ ,
2 )/f 2 φ is the effective mass during inflation. We assume M φ H inf Λ 1 and the BD distribution of φ is reached after a sufficiently long inflation. The BD distribution of φ implies that |φ − πf φ | ∼ H 2 inf /M φ , and it is peaked at φ = πf φ . After inflation only the first term of the axion potential V L receives the phase shift of π, since the second one remains the same after the phase shift of 2π. Then, the potential has a plateau around φ = πf φ , and the minimum is shifted to the origin. If the typical time scale of the heavy axion dynamics is much shorter than M −1 φ , the distribution of the light axion remains almost the intact, and it is still peaked at φ = πf φ . The potential can be expanded again around φ = πf φ which is now the potential maximum,
On the other hand, the potential at around the minimum, φ = 0, is approximately given by
For simplicity let us assume that the axion is initially in the vicinity of φ = πf φ where the potential is dominated by the (negative) quadratic term, i.e., |θ ini −π| θ tr (see Eq. (2.8) for the definition of θ tr ), and that the reheating occurs instantaneously just after inflation, i.e., H inf H reh > H osc . Then, one can determine the onset of oscillations from Eq. (3.20) ,
where we have used c osc = 5, and we have neglected the logarithmic contributions from the quadratic terms for simplicity. One finds that H osc is not sensitive to θ ini , and it is of order m φ . After the axion starts to oscillate, the oscillation amplitude becomes smaller due to the cosmic expansion, and its oscillation frequency is determined by M φ . One gets the abundance of the axion by taking Λ Consequently we get the light axion dark matter with a very small decay constant. The onset of the oscillation happens at T ∼ 10 GeV and the potential height is Λ 1 80 MeV. Here the small θ tr controls the flatness of the plateau near φ = πf φ , and therefore, the enhancement of the axion abundance. To have θ ini < θ tr ∼ 10 −7 , the Hubble parameter should be smaller than O(1)MeV. 5 The isocurvature bound as well as the other constraints can be satisfied. Interestingly, such a light axion dark matter with M φ ∼ 0.01 − 1 eV and f φ ∼ 10 6 − 10 7 GeV can be searched in the IAXO experiment [75] [76] [77] or the PTOLEMY experiment [78] [79] [80] if the the axion couples to photons or neutrinos.
We have studied the stochastic axion dark matter in the axion landscape that consists of many axions which generically have mass and kinetic mixings. Because of the various shift symmetry breaking terms as well as mass mixings, we expect that some of the axion potential and its dynamics may not be captured by the usual analysis based on a single cosine or a simple quadratic potential. In this paper, therefore, we have considered a possibility that the axion dynamics as well as its abundance are significantly affected by the deviation from the simple quadratic potential. First, we have focused on a possibility that one of the light axions is responsible for the observed dark matter. In order to be sufficiently long-lived, the axion mass must be much lighter than the fundamental scale. This is realized either if there is a flat direction(s) in the landscape along which the typical curvature of the potential is very small, or if the axion mass happens to be suppressed around the potential minimum. In the latter case, the potential is well approximated by the suppressed quadratic term plus a quartic term. We have carefully studied the axion initial condition determined by the stochastic dynamics and its subsequent evolution after inflation. By taking account of various cosmological bounds, we have delineated the viable parameter region in Figs. 4 and 5. We have found that the axion dark matter can be realized for a broad region of the inflation scale and the axion mass; e.g. H inf = O(10 2−12 ) GeV and m φ = 10 −19 − 1 GeV for f φ = 10 16 GeV and T reh = 10 10 GeV.
We also discussed a case where the axion potential has a plateau away from the minimum, which delays the onset of oscillations. In particular we have shown that one can realize the axion probability distribution peaked at the plateau region by using the phase shift of π induced by the heavy axion dynamics. This is the so-called πnflation mechanism. Since the axion abundance can be significantly enhanced in this case, one can explain the observed dark matter density for a very small f φ , e.g. f φ = 10 6 GeV and the axion mass of O(0.1 − 1) eV. Such axion dark matter with a small f φ may be probed by the IAXO or PTOLEMY experiments if it has a coupling to photons or neutrinos.
